We present an overview of the construction of the general holographic dictionary for asymptotically locally Lifshitz and hyperscaling violating Lifshitz backgrounds with arbitrary dynamical exponents z and θ, compatible with the null energy condition, which was recently developed in [1, 2] . A concrete definition of asymptotically locally Lifshitz and hyperscaling violating Lifshitz backgrounds is provided in the context of a generic bottom-up Einstein-Proca-Dilaton theory, and a systematic procedure for solving the radial Hamilton-Jacobi equation via a covariant expansion in eigenfunctions of two commuting operators is presented. The resulting asymptotic solution of the Hamilton-Jacobi equation is subsequently used to derive the full holographic dictionary, including the Fefferman-Graham asymptotic expansions and the non-relativistic holographic Ward identities.
Introduction
Holographic techniques have emerged in recent years as a powerful and wide-ranging new tool in the study of quantum systems exhibiting strongly coupled dynamics. In condensed matter physics the gauge/gravity duality has been applied successfully to -among numerous other systems -quantum critical points exhibiting Lifshitz [3, 4] and Schrödinger [5, 6] symmetry. The invariance of these systems under non-relativistic scaling transformations constrains the form of the correlation functions and leads to definite scaling laws for the various physical observables, a property often referred to as 'hyperscaling'.
More recently, non-relativistic backgrounds with scale symmetry as a conformal isometry -but not an isomentry -were put forward as holographic duals to quantum systems exhibiting hyperscaling violation [7, 8, 9, 10] . Backgrounds with Lifshitz symmetry as the conformal isometry group are referred to as hyperscaling violating Lifshitz (hvLf) and are of the form
where d is the number of spatial dimensions, z is the usual Lifshitz dynamical exponent and θ is known as the hyperscaling violation parameter. This reflects the fact that for θ 0 the scaling transformation
Email address: Ioannis.Papadimitriou@sissa.it (Ioannis Papadimitriou) is only a conformal isometry of the metric (1) . Understanding the physics of such backgrounds is aided by the observation that for z = 1, in which case Poincaré invariance is restored, the metric (1) is identical to the metric of non-conformal branes, i.e. Dp branes with p 3, in the Einstein frame and with θ related to the spatial dimension p [11, 12] . Moreover, as for non-conformal branes, non-relativistic hyperscaling violation requires the presence of a linear dilaton. Holography for the hvLf backgrounds (1) should therefore be related to that of Lifshitz backgrounds, obtained from (1) by setting θ = 0, in the same way that holography for non-conformal branes is related to that of D3 branes [13] . As for non-conformal branes this connection is best seen in the 'dual frame' [11] , where the metric is asymptotically Lifshitz. The only difference between Lifshitz and hvLf backgrounds in this frame is the presence of a linear dilaton in the latter case.
By going to the dual frame one can immediately identify the location of the ultraviolet (UV) regime of the dual quantum field theory as the limit u → 0, independently of the values of the exponents z and θ [2] . The same conclusion can be reached by computing the energy of supergravity fluctuations around the background (1) [14, 9] in any frame. Restrictions on the exponents z and θ are imposed, however, by the null energy condition. There are seven distinct solutions of the null energy condition [2] , all of which except for two require z > 1. The two solutions with z < 1 require θ > d + z, which in turn implies that the on-shell action is not UV divergent and hence there are no well defined Fefferman-Graham asymptotic expansions [2] . This is analogous to the case of D6 branes, where for the same reason there are no well defined UV expansions [11] . In the marginal case θ = d + z the on-shell action diverges logarithmically and it would be interesting to study this case in more detail. As in [2] , here we focus on all solutions of the null energy condition with z > 1 so that there are well defined UV asymptotic expansions.
Lifshitz and hyperscaling violating Lifshitz backgrounds have been discussed in a number of recent papers, including [15, 16, 17, 18, 19, 20, 21, 22, 23] and references therein. Holographic renormalization for asymptotically Lifshitz backgrounds in the Einstein-Proca theory has been addressed directly in [24, 25, 26, 27, 28, 29, 30, 31] , while in [32, 33, 34, 35, 36, 37, 38] special cases of the holographic dictionary for Lifshitz backgrounds were obtained indirectly via suitable embeddings or limits of AdS backgrounds. The main differences in the approach of [1, 2] relative to previous works on holographic renormalization of such backgrounds are:
i) The analysis includes a very large class of theories, parameterized by the arbitrary functions in the action (3) . ii) Arbitrary values of the spatial dimension d and of the exponents z and θ are considered, as long as they are consistent with the null energy condition. iii) We consider backgrounds which are asymptotically locally Lifshitz or hvLf in the far UV. iv) We choose to work entirely in the metric formalism, avoiding the use of vielbeins. v) The holographic dictionary is obtained systematically by recursively solving the radial Hamilton-Jacobi equation.
The fact that we treat Lifshitz and hvLf backgrounds as UV complete allows us to identify the set of gauge-invariant local operators in the dual non-relativistic theory. Moreover, it facilitates a genuine computation of correlation functions in the hyperscaling violating theory valid at all energy scales, without the need to take the small momentum limit. The behavior of the correlation functions as functions of the momenta in the presence of hyperscaling violation is an interesting open question which we intend to revisit in future work. Another interesting open question that can be addressed using the results of [1, 2] is the thermodynamics of asymptotically Lifshitz and hvLf black holes. Finally, although we choose to work in the metric formalism, our results are in agreement with previous work using the vielbein formalism, such as [26] in the case of the Einstein-Proca theory. We believe that the NewtonCartan geometry on the boundary that was recently discussed in [35, 36, 20, 21, 22, 23] in terms of vielbeins can also be described in the metric formalism and it would be interesting to address this in future work.
The model
The model we consider in [2] is based on the generic action
where the functions Z ξ (φ), W ξ (φ) and V ξ (φ) are a priori arbitrary. The last term involving K, the trace of the extrinsic curvature, is the Gibbons-Hawking term. The parameter ξ defines the Weyl frame and allows us to easily translate solutions from one Weyl frame to another. This will be particularly important in order to transform the hvLf metric (1) to the dual frame. The ξ dependence of (3) corresponds to the Weyl transformation g → e 2ξφ g of the ξ = 0 (Einstein frame) action. In particular,
, where the quantities without the subscript ξ correspond to the Einstein frame. Note that the parameter α could be absorbed by a rescaling of the scalar field, but it is convenient to keep it explicitly as a parameter. Finally, despite the presence of a mass term for the U(1) vector field, gauge invariance has been preserved by introducing the Stückelberg field ω such that B µ = A µ − ∂ µ ω is gauge invariant.
Lifshitz & Hyperscaling violating Lifshitz backgrounds
In order for the action (3) to admit Lifshitz and hvLf solutions the scalar potential, gauge kinetic function and vector mass should respectively be of the form 
Transforming these solutions to the Einstein frame one sees that they correspond to hvLf backgrounds with θ = −dξµ, which are equivalent to the solutions presented in [16, 17] . Hence, (4) describes these hvLf solutions in the dual frame. Both Lifshitz and hvLf asymptotic solutions in the Einstein frame can therefore be studied by considering only asymptotically Lifshitz solutions in a generic Weyl frame. Moreover, since we only demand that the action (3) admits Lifshitz and hvLf solutions asymptotically, the above conditions on the functions V ξ , Z ξ and W ξ are only required to hold asymptotically.
Radial Hamiltonian formalism
The aim of the analysis carried out in [2] is to systematically construct the most general asymptotically locally Lifshitz solutions of the equations of motion following from the action (3), and to use them in order to define the holographic dictionary. This analysis not only provides a concrete definition of what is meant my asymptotically locally Lifshitz solutions, but also leads to an algorithm for obtaining such solutions for the broad class of theories defined by the action (3). Both these crucial aspects of the analysis are encoded in a 'fake superpotential' which corresponds to a zero-derivative solution of the radial Hamilton-Jacobi (HJ) equation. In fact, the full holographic dictionary and the general asymptotic solutions of the equations of motion are obtained through a recursive solution of the radial Hamitlton-Jacobi equation, as we now briefly review.
The radial Hamiltonian formalism for the action (3) starts with a decomposition of the bulk fields as
where the canonical radial coordinate r plays the role of Hamiltonian 'time'. The Hamiltonian one obtains by inserting this decomposition in the action (3) takes the form
where the canonical momenta of the fields N, N i and A r vanish identically and therefore correspond to non-dynamical Lagrange multipliers. The equations of motion for these Lagrange multipliers impose the usual Hamiltonian, momentum and U(1) gauge constraints, namely
where π i j , π i , π φ and π ω are the canonical momenta conjugate to the induced fields γ i j , A i , φ and ω respectively. These first class constraints become the radial Hamilton-Jacobi equations for the theory (3) once the canonical momenta are expressed as gradients of Hamilton's principal function S[γ, A, φ, ω] as
so that (8) become functional partial differential equations (PDEs) for S[γ, A, φ, ω]. The momentum constraint can be automatically solved by ensuring that S is invariant with respect to diffeomorphisms on a slice of constant radial coordinate r. Moreover, the U(1) gauge constraint is solved by requiring that S is a function of the gauge-invariant field B i and not individually of A i and ω. The only non-trivial equation therefore is the Hamiltonian constraint H = 0.
Asymptotically locally Lifshitz backgrounds from a superpotential
The UV asymptotic form of the induced fields is intimately connected with the leading asymptotic form of the solution S[γ, B, φ] of the HJ equation, since the two asymptotic behaviors are related through the first order flow equationṡ
(10) These flow equations are obtained by identifying the canonical momenta that follow from the Lagrangian (3) with the gradients (9) of the solution S[γ, B, φ] of the HJ equation. Given an asymptotic solution of the HJ equation, these first order flow equations can be used to derive the full Fefferman-Graham asymptotic expansions for the induced fields, without having to solve asymptotically the second order equations of motion.
Let us first consider the leading asymptotic form of the induced fields and correspondingly the leading asymptotic solution of the HJ equation, S (0) . To leading order the induced fields must contain arbitrary functions of the transverse coordinates that we will later interpret as sources of gauge invariant operators in the dual quantum field theory. This implies that S (0) must not contain transverse derivatives [39] . Requiring additionally diffeomorphism and U(1) gauge invariance determines that the most general form of S (0) is
where U(φ, B 2 ) is a yet unspecified 'superpotential'. Inserting this S (0) in the Hamiltonian constraint H = 0 leads to a PDE for the superpotential U(φ, B
2 ), which we will refer to as the 'superpotential equation' [2] . (11) with the superpotential satisfying this PDE is the most general solution of the HJ equation such that the asymptotic expansions of the induced fields contain arbitrary sources. However, a generic superpotential does not lead to Lifshitz asymptotics. Requiring that S (0) leads via (10) to asymptotic Lifshitz scaling for the metric imposes constraints on the asymptotic form of the superpotential U(φ, B
2 ), which in turn determine the asymptotic form of the matter fields. In particular, the gauge-invariant vector field B i must behave asymptotically as
where n i is the unit normal vector to the surfaces of constant time, while
Denoting φ =: X and B 2 =: Y, the asymptotic conditions on the superpotential and its derivatives following from the requirement of Lifshitz asymptotics are
The asymptotic conditions (12) and (13) are the definition of what is meant by asymptotically locally Lifshitz backgrounds in [2] . These conditions determine through the flow equations (10) the leading asymptotic form of all the fields. The subleading form of the superpotential U(φ, B 2 ) determines the subleading terms with no transverse derivatives in the asymptotic expansions of the induced fields and is obtained by solving the superpotential equation subject to the asymptotic conditions (13) [2] . When the dual operator is marginally relevant however the full Taylor expansion is required, while the source of Y − Y o must be set to zero if it sources an irrelevant operator in order to preserve the Lifshitz boundary conditions. In general, the subleading form of the superpotential, and consequently of the Fefferman-Graham expansions, depends on the subleading form of the functions V ξ , Z ξ and W ξ which specify the action. Contrary to the leading form of these functions which is determined by the requirement of Lifshitz asymptotics, their subleading form is unconstrained and we do not specify it in order to cover as a wide class of models as possible.
Recursive solution of the HJ equation and Hamiltonian holographic renormalization
The solution S (0) in (11) not only defines the leading asymptotic form of the fields, but also contains all non-derivative terms in the solution of the HJ equation. However, at subleading orders the solution of the HJ equation generically contains terms involving transverse derivatives. To determine the full asymptotic solution, including derivative terms, a systematic algorithm for solving the HJ equation recursively was developed in [2] . This algorithm generalizes the dilatation operator method [40, 41] to asymptotically non AdS and non scale invariant backgrounds and relies on the covariant expansion of the solution S of the HJ equation in eigenfunctions of the two commuting operators
It is easy to see that (11) is an eigenfunction of both these operators for any superpotential U(φ, B 2 ). In particular, δS (0) = (d + 1)S (0) , δ B S (0) = S (0) . The fact that these two operators commute implies that we can expand S in simultaneous eigenfunctions of both δ and δ B . The eigenfunctions of δ correspond to any local covariant quantity containing a fixed power of the induced metric γ i j , the gauge-invariant vector B i and their covariant derivatives. However, since both B 2 and φ are eigenfunctions of δ with zero eigenvalue, generic eigenfunctions of this operator can contain arbitrary functions of B 2 and φ. Diffeomorphism covariance can then be used to show that the operator δ counts transverse derivatives [1, 2] . In particular, a local covariant functional S (2k) containing 2k derivatives is an eigenfunction of the operator δ with eigenvalue d + 1 − 2k, with d + 1 being the contribution of the volume element. The eigenfunctions of the operator δ B can be constructed using the fact that δ B annihilates the projector σ
Eigenfunctions of δ B can therefore be obtained from an eigenfunction of δ, containing say 2k derivatives, by decomposing it into a sum of up to k + 1 terms containing 0, 1, . . . , k factors of σ i j [2] . This splits an eigenfunction S (2k) of δ with 2k derivatives into a sum of simultaneous eigenfunctions of δ and δ B with respective eigenvalues d + 1 − 2k and 1 − 2ℓ, where ℓ = 0, 1, . . . , k. It follows that any asymptotic solution of the HJ equation whose leading form can expressed as in (11) takes the form
where
and S (0,0) ≡ S (0) is given by (11) . For asymptotically Lifshitz backgrounds where the asymptotic condition (12) holds, this graded covariant expansion acquires a clear physical significance, since the projection operator σ i j asymptotes to the spatial metric σ i j := γ i j + n i n j and hence the operator δ B counts time derivatives. The covariant expansion (15) holds for any solution of the HJ equation whose leading form can be written as in (11) for some superpotential U(φ, B
2 ). However, in order to obtain asymptotically locally Lifshitz backgrounds we need to impose the asymptotic conditions (12) and (13) . In particular, (12) implies that for asymptotically locally Lifshitz backgrounds every eigenfunction S (2k,2ℓ) in the expansion (15) admits a Taylor expansion in B i − B oi , namely
(16) The fact that the most general asymptotic solution of the HJ equation corresponding to asymptotically locally Lifshitz solutions of the action (3) takes the form (15) with S (2k,2ℓ) of the form (16) is the main result of [2] .
Inserting the expansions (15) and (16) 
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and K(φ) ∼ 1/µ is a function of the scalar field determined by V ξ (φ), Z ξ (φ) and W ξ (φ). Moreover, the inhomogeneous term R 0 (2k,2ℓ) of this linear equation is given by the 2-derivative terms of the HJ equation for k = 1, or by the lower order momenta for k > 1. Similar recursion relations hold for the higher orders in the B − B oi expansion [2] . These recursion relations are linear functional differential equations in one variable -the scalar field φ -and can be systematically solved using the technique developed in [41] . They constitute a general algorithm for solving the HJ equation systematically for any asymptotically locally Lifshitz solution of the action (3). As we now briefly review, this asymptotic solution of the HJ equation can then be used to obtain the full holographic dictionary for such backgrounds.
Holographic dictionary
The form of the recursion relations (17) depends on the parameter µ that determines the leading asymptotic behavior of the dilaton φ. For µ = 0 the dilaton asymptotes to a constant and so scale invariance is restored at least in the far UV. In that case the dual theory has a Lifshitz UV fixed point, as is the case for the Einstein-Proca action [26, 27, 30, 28, 29] , or the EinsteinProca-Scalar model in [34, 35, 36] . In all cases where the dilaton is not running (µ = 0), the recursion relations (17) become algebraic instead of differential equations, which renders their solution drastically simpler. The same observation holds for the recursion relations corresponding to the higher order terms in the Taylor expansion in B − B o . For µ 0 the recursion relations are linear functional differential equations in the dilaton φ and can be solved using the systematic method developed in [41] . This case arises for hvLf backgrounds since the hyperscaling violation exponent in the Einstein frame is given by θ = −dµξ. Nevertheless, in the special case when the functions V ξ (φ), Z ξ (φ) and W ξ (φ) are exactly -and not merely asymptotically -exponentials the recursion relations (17) become algebraic even for µ 0 [2] .
The asymptotic solution of the HJ equation we need in order to derive the holographic dictionary is obtained by solving the recursion relations until all terms containing UV divergences have been determined. To O(B − B o ) 0 in the Taylor expansion, this means solving the recursion relation (17) 
m the corresponding recursion relations must be solved as long as (d + 1 − 2k) + (z − 1)(1 − 2ℓ) − θ − m∆ − ≤ 0, where ∆ + := d + z + θ − ∆ − is the dimension of the operator dual to the composite scalar Y − Y o [2] . The resulting solution of the HJ equation can be written schematically as
All terms in this part of the solution are local, covariant under diffeomorphisms, and UV divergent. It follows that the boundary term required in order to remove the UV divergences and render the variational problem well posed for general asymptotically locally Lifshitz solutions of the action (3) is
When z, θ and ∆ − are such that there exist non-negative integers k, 0 ≤ ℓ ≤ k and m saturating the above inequality, then the corresponding term S m (2k,2ℓ) has a pole that needs regularization. As is well known from the relativistic case, this can be done using a form of dimensional regularization at the expense of introducing explicit cut-off dependence. In the scale invariant case µ = 0 such terms correspond to non-relativistic conformal anomalies. In contrast to the relativistic case, the non-relativistic conformal anomaly potentially consists of terms with different number of spatial and time derivatives, as for example in the case of the d = z = 2 Einstein-Proca theory [29, 30] . In the presence of a running dilaton (µ 0) however, such logarithmic divergences can be absorbed into the running dilaton, thus removing any explicit dependence on the cut-off [2] . This is in agreement with the fact that theories with a running dilaton are not scale invariant and hence the concept of a conformal anomaly is ill defined for such theories.
The divergent part (19) of the asymptotic solution of the HJ equation is of course not the complete solution. (19) is only the local part and it is determined through the above iterative process. However, starting at the order corresponding to dilatation weight zero [2] , there is an independent and UV finite solution of the HJ equation, S ren , which can be parameterized as
with π i j , π i and π φ being arbitrary integration functions, subject only to the momentum constraint (8) . The full asymptotic solution of the HJ equation, therefore takes the form
where the dots stand for terms that are asymptotically subleading with respect to S ren and hence do not survive when the UV cutoff is removed. Such terms depend on both the generalized coordinates γ i j , B i , φ and the generalized momenta π i j , π i and π φ , but crucially they do not contain any additional integration functions. Adding the boundary term (20) to the on-shell action S one sees immediately that S ren is holographically identified with the renormalized generating function of connected correlation functions in the dual quantum field theory. Moreover, the integration functions π i j , π i and π φ are identified with the renormalized 1-point functions of the corresponding local gauge-invariant operators [2] .
Given the asymptotic solution (21) of the HJ equation, one can easily determine the Fefferman-Graham asymptotic expansions for all fields, identify the full set of sources and 1-point functions for the dual operators, and derive the Ward identities they satisfy. Using the anisotropic decomposition
where a, b are spatial indices, for the generalized coordinates and inserting the asymptotic solution (21) into the flow equations (10) the Fefferman-Graham expansions can be systematically obtained by solving order by order these first order equations. To leading order asymptotically we obtain [2] n ∼ e zr n (0) (x), n a ∼ e 2r n (0)a (x), σ ab ∼ e 2r σ (0)ab (x),
, φ (0) (x) and ψ − (x) are arbitrary integration functions which are identified as the sources of gauge-invariant local operators. The source of the gauge field A i is not independent since it is determined in terms of all other sources according to
In effect the source of A i has been traded for the source ψ − of the composite scalar ψ and the spatial vector source for B a which is set to zero by the asymptotic condition (12) . This means that the source of B a sources an irrelevant operator relative to the Lifshitz asymptotics, and it is in agreement with the sources found in the vielbein formalism [26] . The source ω (0) (x) amounts to a pure gauge transformation and can therefore be omitted from the list of independent sources. Indeed, the U(1) Ward identity implies that it does not source an independent operator. Using this set of independent sources we can now identify the conjugate 1-point functions using the renormalized action in the form (21) . Introducing the linear combinations
of the integration functions π i j , π i and π φ , we obtain the full set of source-1-point function pairs [2] :
, E i (x) correspond respectively to the spatial stress tensor, momentum density, energy density and energy flux. These are exactly the operators comprising the energy-momentum complex of a non-relativistic field theory [26] . As expected from the analysis of the sources above, the energy flux is an irrelevant operator whose source is set to zero by the requirement of Lifshitz asymptotics, in agreement with [26] .
We now have all the ingredients to derive the holographic Ward identities that these 1-point functions obey. Inserting the modes π i j , π i and π φ in the momentum constraint in (8) and using their decomposition in terms of the 1-point functions we obtain the full set of non-relativistic diffeomorphism Ward identities
where D i is the covariant derivative with respect to the boundary metric σ i j , which we have taken here to be flat. The full expressions for arbitrary sources can be found in [2] . Finally, the trace or conformal Ward identity follows from the transformation of the renormalized action (21) under infinitesimal anisotropic Weyl transformations and takes the form
where A is the non-relativistic conformal anomaly [2] . Note that for µ 0 there is no conformal anomaly, but instead the violation of scale invariance is encoded in the 1-point function of the dilaton operator O φ .
Conclusions and outlook
In this article we have provided a brief overview of the construction of the holographic dictionary for asymptotically locally Lifshitz and hyperscaling violating Lifshitz solutions of the general Einstein-Proca-Dilaton model (3) which was developed in [1, 2] . A concrete definition of asymptotically locally Lifshitz and hyperscaling violating Lifshitz backgrounds is obtained and the analysis is carried out for arbitrary values of the dynamical exponents z and θ, subject only to the constraints imposed by the null energy condition. The central result of [1, 2] is a general algorithm for systematically solving the radial Hamilton-Jacobi equation for the model (3), by expanding the solution covariantly in simultaneous eigenfunctions of two commuting operators. This type of expansion generalizes the covariant expansion in eigenfunctions of the dilatation operator to non-scale invariant and non-relativistic backgrounds. The full holographic dictionary, including the full set of sources and 1-point functions, the Fefferman-Graham asymptotic expansions, and the holographic Ward identities can be obtained directly from this asymptotic solution of the radial HamiltonJacobi equation.
One of the core differences in our approach relative to previous studies of hyperscaling violating backgrounds in holography is the fact that we consider such backgrounds all the way to the far UV, without using some other UV completion. This fact implies that our results can be used to address a number of interesting questions. Firstly, scale invariance usually implies (relativistic or non-relativistic) conformal invariance, which in turn imposes strong constraints on the correlation functions. Scale transformations, however, are only a conformal isometry of hyperscaling violating backgrounds. It would be interesting to determine what is the signature of such a scale 'covariance' in the correlation functions of the dual field theory. Moreover, our results can also be used to define the conserved charges of asymptotically Lifshitz and hvLf black holes and study their thermodynamics. Finally, it would be very interesting to compare our results with some of the recent results for Lifshitz backgrounds using the vielbein formalism, and especially the Newton-Cartan geometry on the boundary that was discussed in [35, 36, 20, 21, 22, 23] .
